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Gronwall’s inequality for the Henstock integral is used in analysis of Kurzweil 
equations. In this paper we give a very simple proof of that inequality, for both the 
classical Riemann integral and the Henstock integral. ‘c) 1987 Academic Press. Inc 
Gronwall’s inequality is usually proved in elementary differential 
equation texts using continuity arguments (see [2]). In this paper we use 
an alternate technique to prove it and then show how it can be generalized 
to Henstock-integrable functions. 
Gronwall’s inequality for the Henstock integral (with use in Kurzweil 
equations) is proved in [6, Corollary 1.301. The proof given here is 
significantly simpler. 
1. Gronwall’s Inequality 
THEOREM. Zf u:[O, j?) -+ R, p > 0, is a continuous,function, and there exist 
constants c and k 2 0 such that 
u(t)<c+k ’ 
I u(s) ds for t E [0, p) (1) 0 
then 
u(t) < cekr for tE CO, PI. 
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(2) 
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Proof: Define 
(3) f(t) = j-i u(s) ds. 
Then (1) becomes 
f’(t) < c + kf(t) 
giving 
f’(t) -V(t) G c, 
so that 
(f(t) e-kr)’ < cemkt. 
Integrating (6) from 0 to t gives 
or 
f(r)<Cek’-C. 
k k 
Using (3) and (4) this can be written as 
f’(t) d c + kf( t) < cekr. 
Now since f’(t) = u(t), (2) follows. 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
2. HENSTOCK INTEGRAL 
2.1. DEFINITION. A function f: [a, 61 + [w will be termed Henstock- 
integrable (or-generalized Riemann-integrable) if there is a number Z such 
that for every E > 0 there exists a positive function 6: [a, b] -+ 08 such that if 
7C= {Cti, Cxi-I, xil)}~=l is a partition of [a, b] (i.e., intervals [xi-i, xi] 
are nonoverlapping and their union is the entire [a, b]) which satisfies the 
condition 
tjE Cxj- 1, Xi] c (ti-d(tf), ti + d(ti)) (10) 
for i= 1, 2, . . . . n, then 
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The number Z, written usually as Iif dt is called the Henstock integral 
off: 
This integral was discovered independently by Henstock and Kurzweil 
(see [3]). It is more general than the Lebesgue integral and integrates all 
derivatives. 
2.2. PROPOSITION. Zf f: [a, b] -+ R’ is Henstock-integrable and 
F(x) = J-‘f(t) dt 
u 
then F is a continuous function and 
F(x) =f(x) a.e. in [a, b]. 
Proof: See [4 or 11. 
(12) 
(13) 
2.3. PROPOSITION. Zf f is Henstock-integrable on [a, b] and g is of 
bounded variation on [a, b] then the product fg is Henstock-integrable and 
for F defined as irt ( 12) 
C".f(t)g(t)df=F(b)g(b)-j~F((f)dg(f). 0 fl (14) 
The integral on the right-hand side of (14) is just the usual Stieltjes 
integral. 
Proof. See [S]. 
2.4, COROLLARY. Let f be Henstock-integrable and F be defined by (12). 
Then 
F(x) e-‘x=j1 (f(t)eek’-kF(t) e-k’) dt. 
u 
(15) 
Proof Set g(t) =eekr in (14) and note that ePk’ is absolutely con- 
tinuous and de - kr = - ke - krdt. 
3. GRONWALL'S INEQUALITY AND THE HENSTOCK INTEGRAL 
3.1. THEOREM. Let u: [O, p] -+ R be Henstock-integrable. Zf there are 
constants c and k 2 0 such that 
5 
I 
u(t) Q c + k u(s) ds for tE I34 Bl 
0 
(16) 
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then 
u(t) < cekr for fE co, 81. (17) 
u(16) holds ae., then so does (17). 
Prooj 3.1 is proved in the same manner as 1.1, only porcupine style 
(that is, carefully). Define 
f(t)= j)W (Henstock integral). (18) 
By 2.2, f is a continuous function such that 
f’(t) = u(t) a.e. in [O, /I]. (19) 
Therefore we have 
f’(t)<c+kf(t) a.e. (20) 
The function e -” is positive and monotone. Because it is monotone, by 
Proposition 2.3, the product 
e-Yf’(t)-kf(t)) (21) 
is Henstock-integrable (integrability of f, a continuous function, is 
obvious). On the other hand, at every point t where f’(t) exists, which is 
a.e., 
(f(t)Ck’)‘=f’(f)Ckr-kf(t)emmk’. 
Combining (20) and (22) we have 
(22) 
(f(t) e-kt)’ < . ce -kr a.e. (23) 
The left-hand side of (23) is Henstock-integrable, and so is the right- 
hand side, being continuous. Integrating both sides of (23) from 0 to t we 
get 
I ~(f(s)epkS)fdx<~-~e-k’. (24) 
Is f(t) Ck’ equal to the integral on the left-hand side of (24)? By 
Corollary 2.4, 
= d (f(s) eeks)’ ds. I (25) 
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Consequently, 
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It should be noted that (26) holds for every TV [0, b]. From (26) we get 
c + kf( t) d cek* for t E [0, /?I. (27) 
Combining (27), (16), and (18), we get (17). If (16) holds a.e. then the 
same way we obtain (17) a.e. 
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